Abstract. Clique complexes of Erdős-Rényi random graphs with edge probability between n − 1 3 and n − 1 2 are shown to be aas not simply connected. This entails showing that a connected two dimensional simplicial complex for which every subcomplex has fewer than three times as many edges as vertices must have the homotopy type of a wedge of circles, two spheres and real projective planes. Note that n − 1 3 is a threshold for simple connectivity and n − 1 2 is one for vanishing first F 2 homology.
Proof:
Lemma 2.2. If the theorem fails then there is a counterexample W with δ(W ) ≥ 2.
Proof: Recall from BHK the Definition 4.14 of K(W ) which has δ(K(W )) ≥ 2. K(W ) is also a counterexample no larger than W .
As in the proof of Lemma 4.22 in BHK write the admissibility sum locally as (L + 3χ)W = v K v + c K c + m K m where the sums are over faces of W with empty boundary and dimensions zero, one and two respectively. 
Since |z| is a homotopy equivalence this makes W ′ a smaller counterexample.
Recall from BHK Lemma 4.11 the Definition of C(W ), which is defined for 2-normal webs is again a counterexample and W ≤ CW , so W = CW and hence δ(W ) ≥ 3. 
If F is a digon in W with edges e and f having µe ≤ µf consider the collapse W ′ to the shorter edge e and the collapse map φ :
Each of these has χY (?) = χY ′ and at least one of LY (?) ≤ LY ′ so that W ′ is also admissible and W ′ < W in the above order since
If F is a monogon in W with edge e consider the collapse φ :
′ and sometimes Y e = Y − {e, F } is also a subweb. Both of these has χY (e) = χY ′ and at least one of LY (e) ≤ LY ′ so that W ′ is also admissible and W ′ < W in the above order since
Lemma 2.7. If W is a minimal counterexample with v a vertex, e and f edges containing v, c a circular 1-face, F a 2-face containing e and f and G a 2-face containing c then each of the following variables is a non negative integer:
Here f i m is the number of i-dimensional faces containing the face m and f G c is the degree of the map from the boundary of G to c. See BHK.
Note that if v is a vertex of W then using
Similarly, if c is a circular one dimensional face of W then
Finally if m is two dimensional with empty boundary then
Since (L + 3χ)W > 0 there is some face F with empty boundary and K F > 0. If m is 2 dimensional, without boundary and K m > 0 then χ(W ) > 0 so |W | is a sphere or projective plane. This leaves only the case of one doubly wrapped and one singly wrapped disk, which has the homotopy type of a sphere and is therefore not a counterexample. Note that this implies that every double edge subtracts at least 
Lemma 2.11. (only long triangles in links)
If W is a minimal counterexample, K v ≥ K u for every u adjacent to v and there are edges e, f and g and 2-faces E, F and G with E, F and G forming the edges and e, f and g the vertices of a triangle in the link of v then mF + mE − 2µg > 2(µe + µf ) (or equivalentlŷ mE +mF >μe +μf + 2).
Note that this implies that every triangle in the link of v subtracts at least 3 4 from K v and every square with diagonal subtracts at least 
A case analysis now eliminates any minimal counterexample, proving Lemma 2.9.
This completes the proof of Theorem 2.1.
Proof of Theorem 1.2:
The first part follows from Theorem 2.1. Since Theorem 2.1 also holds for subcomplexes the argument in the proof of Theorem 4.1 in BHK completes the proof.
fundamental groups
The fundamental group restriction is much like in BHK. 
This is similar to e in BHK, but involves the ratio of vertices to edges rather than to 2-faces.
Proof: See the proof of BHK Lemma 5.1. 
Proof: See the proof of BHK 5.9 and the definition before 5.5 in BHK. 
questions
Write K 4 (n, p) for the measure on cell complexes given by adding a two cell to all possible cycles of length 3 and of length 4 in the Erdős-Rényi random graph K(n, p) and π 1 (K 4 (n, p) ) for the associated measure on groups. Question: For which ǫ is π 1 (K 4 (n, n −ǫ ))aas trivial? For this question 4-admissible webs appear to replace the 3-admissible ones arising in the clique complexes, but the local reduction methods used here do not seem to work as easily.
